
 

 

Journée de la Fédération Charles Hermite 

 

Titre : Approches à base de systèmes à événements discrets (SED) pour l’ordonnancement de tâches 

manufacturières ou informatiques 

 

Organisateurs de la journée : Alexis Aubry (CRAN), Marie Duflot-Kremer (LORIA) et Pascale Marangé 

(CRAN)  

 

Date : 8 juin 2017 

 

Contexte :  

L’ordonnancement consiste à affecter des opérations à des ressources et à définir leurs dates de début 

et de fin tout en respectant des contraintes propres au système considéré.  

Dans un contexte manufacturier, derrière cette définition générale se cache une grande variété de 

problèmes dépendant notamment du type d’atelier considéré (flow-shop, job-shop, open-shop…) et 

du contexte opérationnel considéré (prédictif, proactif, réactif...).  

Dans un contexte informatique, on peut penser à des applications comme l’ordonnancement des 

tâches sur une grille de calcul par ou plus généralement l’allocation de ressources à des processus 

informatiques. 

 

Face à ces problèmes, la théorie de l’ordonnancement, et plus particulièrement la recherche 

opérationnelle, a proposé plusieurs méthodes de résolution telles que la programmation 

mathématique ou les métaheuristiques. 

 

Cependant, que ce soit dans le domaine manufacturier ou le domaine informatique, l’environnement 

est souvent considéré comme stable et certain sans considérer par exemple la dynamique du système 

ou encore les perturbations inhérentes à tout système.  Or, dans le domaine manufacturier, l’état de 

la machine est intrinsèquement évolutif (en marche, en panne, en mode dégradé, …) et les temps ou 

les quantités ne sont pas connus précisément (incertitudes sur les durées opératoires, nombre de 

produits, occurrence d’une panne…). Dans le domaine informatique, les incertitudes sont plutôt liées 

à la transmission des messages, ou les temps de traitement dûs à la charge de la machine sur laquelle 

va tourner une tâche. 

 

Dans ce contexte, il est important de pouvoir exploiter les degrés de flexibilité offerts par les systèmes 

afin de proposer soit des ordonnancements flexibles ou des ré-ordonnancements par réaction. Et la 

communauté des SED a justement introduit des concepts pour modéliser des systèmes incluant des 

aspects temps réel ou aléatoire qui offrent donc une flexibilité de modélisation et d'analyse 

appréciable. 

 

Dernièrement, un axe de recherche s’est mis en place dans le groupe de travail SED du GDR MACS 

(61
ème

 section CNU) pour apporter de nouvelles propositions de résolution des problèmes 

d’ordonnancements par les approches SED. Les objectifs de cet axe sont d’une part de comparer les 

approches SED aux approches classiques et d’autre part d’apporter des éléments de réponse aux 

problèmes d’ordonnancements réactifs au niveau modélisation et résolution. 

 



 

 

Objectifs de la journée :  

L'objectif de cette journée est double. Elle permettra à la fois de réunir les communautés informatique 

et automatique autour de leur intérêt commun pour l'utilisation des outils des SED pour 

l'ordonnancement de tâches, mais également de voir l'applicabilité de méthodes issues de recherches 

informatiques à la réalisation d'ordonnancements réactifs. 

Cette journée permettra notamment de présenter les travaux des deux communautés autour de ces 

problèmes afin d’aborder les verrous scientifiques traités, de présenter les approches de modélisation 

et de résolution privilégiées et également les applications originales. La journée sera divisée en 2 

parties : le matin sera consacré aux approches théoriques de modélisation et leurs applications et 

l’après-midi sur les outils support. 

 

Programme de la journée :  

10h00 – 10h30 Accueil des participants/ café  

10h30 – 10h45 Ouverture de la journée avec présentation des objectifs 

Jean-François Pétin (CRAN – Université de Lorraine) et Stephan Merz (LORIA 

– Université de Lorraine)  

10h45 – 11h15 Ordonnancement des ateliers flexibles de production avec les Automates 

Temporisés  

Pascale Marangé et Alexis Aubry (CRAN – Université de Lorraine) 

11h15 – 11h45 Model-Checking probabiliste pour l’ordonnancement 

Marie Duflot-Kremer (LORIA – Université de Lorraine) 

12h00 – 12h30 Bilan sur les problèmes d’ordonnancement difficiles à résoudre par les 

approches classiques 

Laurent Houssin (LAAS – Université de Toulouse) 

 

12h30 – 14h00 Repas 

 

14h00 – 14h45 Outil PRISM 

Dave Parker (University of Birmingham) 

14h45 – 15h30 Outil ROMEO 

Didier Lime (IRCCyN – École Centrale de Nantes) 

15h30 – 16h00 Discussions  

 

Contacts :  

Alexis AUBRY   alexis.aubry@univ-lorraine.fr  

Marie DUFLOT-KREMER marie.duflot-kremer@univ-lorraine.fr  

Pascale MARANGE  pascale.marange@univ-lorraine.fr 

 

Inscription auprès des contacts avant le 30 mai 2017   
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C
O

N
TEXTE ET O

B
JEC

TIFS 

 
L’ordonnancem

ent est généralem
ent réalisé de m

anière prévisionnelle en considérant 
un environnem

ent certain et stable.  

 
Problèm

e : pour prendre en com
pte la forte variabilité des produits et des aléas, il est 

nécessaire de com
pléter cet ordonnancem

ent par des ré-ordonnancem
ents réactifs.  

 
D

ans ce contexte, nos prem
iers travaux ont proposé de définir un ordonnancem

ent 
adm

issible pour un atelier de type Job-shop en utilisant une m
éthode par recherche 

d’atteignabilité (M
arangé et al., 2011).  

 
L’objectif de nos travaux est de  
 

définir des m
odèles génériques 

 
m

ontrer que l’utilisation de ces patrons perm
et facilem

ent de m
odéliser différents 

types d’atelier 
 

évaluer la robustesse des ordonnancem
ents trouvés 
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É
TAT D

E L’A
R

T 
 A

pproches classiques  
 D

e nom
breux papiers traitent de différents types de problèm

es et proposent 
des approches de résolutions 
 P

eu traitent du problèm
e de m

odélisation et sa généricité 
      A

pproches SED
 

 Travaux dans le dom
aine S

E
D

 : (S
ubbias &

 E
ngell 2010, P

anek 2006, 
B

ehrm
ann 2005)  ont m

ontré l’intérêt d’utiliser des approches S
E

D
 pour 

résoudre des problèm
es d’ordonnancem

ent 
 Avantage de m

odélisation : graphique, m
odulaire, représentation par états, 

représentation de la dynam
ique 

 P
roblèm

es traités  : jobshop 
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 C
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F
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A
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B

LÈM
E (1/2) 

 
Type d’atelier : Job-shop / O

pen-shop / Flow
-shop flexible ou non (une 

opération est exécutable sur plusieurs m
achines)  

 
Param

ètres : 
 

J : l’ensem
ble des jobs à réaliser 

 
O

 : l’ensem
ble des opérations pouvant être réalisées dans l’atelier 

o
jk  : la k

èm
e opération du job  

 
M

 : l’ensem
ble des m

achines 
m

jk  : ensem
ble des m

achines qualifiées pour l’opération o
jk 

d
jkm  : durée de l’opération o

jk  sur la m
achine m

 

 
Variables de décision : 

X
jkm  : A

ffectation des opérations aux m
achines 

y
jk  : date de début de l’opération o

jk 

c
jk  : date de fin de l’opération o

jk 
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LÈM
E (2/2) 

 
C

ontraintes : 
 

C
1 : C

apacité d’une m
achine : une m

achine !
 exécute une seule opération à la fois 

 
C

2 : Q
ualification : une opération ne peut être exécutée que sur une m

achine étant 
qualifiée 

 
C

3 : N
on-préem

ption d’une opération : une opération com
m

encée ne peut être 
interrom

pue et reprise plus tard 
 

C
4 : N

on splitting d’une opération : une opération n’est allouée qu’à une seule m
achine 

 
C

5 : P
récédence d’opération :  

 C
as du job-shop / flow

-shop : l’opération o
jk1  doit être term

iné avant le début de l’exécution de 
l’opération o

jk2 

 C
as de l’open-shop : pas d’ordre d’exécution entre les opérations m

ais les opérations ne 
peuvent pas s’exécuter en m

êm
e tem

ps
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M
O

D
ÉLISATIO

N PA
R A
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TO

M
ATES TEM
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R

ISÉS 
 D

éfinition des A
utom

ates tem
porisés 

 D
éfinition : A = (S

, V, C
, L, T, S

m
, s

0 , v
0 ) 

 S
 : ensem

ble des locaiités 
 V: ensem

ble des variables 
 C

: ensem
ble des horloges 

 L : ensem
ble des m

essages 
T : ensem

ble des transitions 
S

m
 : ensem

ble des états m
arqués 

 s0 : état initiale 
 v0 : valeur initiale des variables 

34

67

A
1

A
2 

 M
ess3 ! 

[guard6] 
M

ess3 ? 
a=a+1  
  

t62
t31

89A
3 [guard8] 
M

ess3 ? 
b=0 
  

t83
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N

e pas représenter la gam
m

e, m
ais les opérations 

 
R

ègles de précédence sont représentées par la garde 
 

M
ise à jour de l’état de l’opération 

 

M
O

D
ÉLISATIO

N PA
R A

U
TO

M
ATES TEM

PO
R

ISÉS 
 Évolution du m

odèle job vers un m
odèle opération  

Accepted ? 
U

pdate the used m
achine Q (o

jk 	,	m
)	=	1	

U
pdate the job availability job

j_available 	=	0 
 

 

Rejected ?
[o

jk-1_executed ==1 &
&

job
j_available ==1 ]

Requested ! 

Executed ? 
U

pdate the job availability job
j_available 	=	1	

U
pdate the operation execution o

jk_executrd =	1 
    

W
aiting for operation o

jk  to be perform
ed  

W
aiting for the end 

of operation o
jk  

W
a

itin
g 

fo
r 

a 
m

achine m
 answ

er  

E
nd of operation o

jk  
 

  

C
2 

C
5 
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Accepted ? 
U

pdate the used m
achine Q (o

jk 	,	m
)	=	1	

U
pdate the job availability job

j_available 	=	0 
 

 

Rejected ?
[o

jk-1_executed ==1 &
&

job
j_available ==1 ]

Requested ! 

Executed ? 
U

pdate the job availability job
j_available 	=	1	

U
pdate the operation execution o

jk_executrd =	1 
    

W
aiting for operation o

jk  to be perform
ed  

W
aiting for the end 

of operation o
jk  

W
a

itin
g 

fo
r 

a 
m

achine m
 answ

er  

E
nd of operation o

jk  
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M

odélisation des états de la 
m

achine 

 
U

tilisation des horloges 
 

horloge locale à chaque m
achine  

 
horloge globale pour 
l’ordonnancem

ent 

M
O

D
ÉLISATIO

N PA
R A

U
TO

M
ATES TEM

PO
R

ISÉS 

[F(o
jk , m

, t)==0]
Rejected !
Lock=1

[Lock==1]
Requested ?
U

pdate
F(o

jk , m
, t), Lock=0

[F(o
jk , m

, t)==1]
Accepted !
Lock=1, clock=0

[clock greater or equal to the 
operation duration d

jkm ]
Executed !

Idle

C
om

puting answ
er

O
peration o

jk execution

C
1 

C
3 

C
4 
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 A
pproches d’obtention d’un ordonnancem

ent 

  
Le m

odèle de job représente la gam
m

e logique à exécuter 
 

Le m
odèle de m

achine représente les capacités, la disponibilité de celle-ci, ainsi que 
ses états 

 
S

ynchronisation entre les m
odèles de la m

achine et d’opération est soutenu par un 
m

écanism
e d’appel / réponse (A

lur and D
ill , 1994 ; Lem

attre et al., 2011) . 

M
O

D
ÉLISATIO

N PA
R A

U
TO

M
ATES TEM

PO
R

ISÉS 

[F(o
jk , m

, t)==0]
Rejected !
Lock=1

[Lock==1]
Requested ?
U

pdate
F(o

jk , m
, t), Lock=0

[F(o
jk , m

, t)==1]
Accepted !
Lock=1, clock=0

[clock greater or equal to the 
operation duration d

jkm ]
Executed !

Idle

C
om

puting answ
er

O
peration o

jk execution
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O
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N
A

N
C
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EN

T  

 
A

pproche 
 

O
btention d’un ordonnancem

ent faisable 
par recherche d’atteignabilité 

 P
ropriété à vérifier :  

EF (End_of_Production) 
E

nd_of_P
roduction est un état où 

tous les jobs sont exécutés 
com

plétem
ent (Finished product) 

 
P

ossibilité de trouver une solution plus 
proche de la solution optim

ale 

 
L’affectation est définie dans le dernier 
état exploré par le m

odel-checker 
 

Les dates de début et de fin se retrouvent 
dans la trace 
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E
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LU
TIO
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O

U
VÉE 

 Tem
ps d’exécution : cohérent par rapport aux travaux précédents => 

tem
ps d’exécution com

patible avec ordonnancem
ent en ligne 

 O
ptim

alité : solution adm
issible uniquem

ent m
ais lors d’un ré-

ordonnancem
ent, l’adm

issibilité peut être suffisante si la durée de 
l’ordonnancem

ent reste raisonnable  
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E
VA
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N D
E LA M

O
D

ÉLISATIO
N 

 
Pouvoir de m

odélisation (com
paraison avec M

ILP) : 
 

C
om

plexité : E
ffort à fournir pour m

odifier le m
odèle. 

 
G

énéricité : C
apacité d’un m

odèle à être applicable à tous les types d’atelier 
 

É
volutivité :  C

apacité d’évolution des m
odèles par rapport aux élém

ents de 
l’environnem

ent de l’atelier. 
 

P
rocédure d’évaluation (H

im
m

iche et al., 2017): 

 
C

onclusions : 
 

Avoir un m
odèle générique en M

ILP coûte plus cher 
 

M
odèles A

utom
ates Tem

porisés plus faciles à faire évoluer pour intégrer des 
nouvelles contraintes  

 

Généraliser	
Evoluer	

Généricité		
Evolu1vité		

Instances	
(α|β|ɣ)	

M
odèle JS 

JM
P

M
||C

m
ax 

M
odèle G

M
P

M
||

C
m

ax 
M

odèle αM
P

M
|β|

C
m

ax 
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ent possible  
 O
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ent basé sur les autom
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onclusion - Perspectives 
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ÈLES 

 
Pour 

que 
l’approche 

soit 
pleinem

ent 
opérationnelle, 

un 
décideur 

doit 
pouvoir 

l’utiliser sans prérequis particulier sur les outils SED
.  

 
U

n prototype a été développé. Il est supporté par : 
 

i) 
une 

IH
M

 
qui 

perm
et 

à 
l’utilisateur 

de 
rentrer 

les 
inform

ations 
de 

l’atelier, 
de 

générer 
autom

atiquem
ent les autom

ates liés 
 

ii) une base de données qui perm
et de sauvegarder les inform

ations de l’atelier rentrées par 
l’utilisateur,  

 
iii) un générateur  de m

odèles 
 

iv) un m
odel-checker (U

ppA
al) pour calculer un ordonnancem

ent adm
issible et de visualiser cet 

ordonnancem
ent dans un diagram

m
e de G

antt 

 
Logiciel développé par R

ém
i Pannequin dans le cadre d’un projet C

R
A

N
  

 
logiciel opérationnel en cours de tests 

 
recherche d’un cas test avec une entreprise  
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W
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A
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e:S
tring
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tring

	

Resource
+N
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tring
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*

1

*

1

*

1

Route
+A

ctive:B
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+N
am

e:S
tring

	

Q
ualification

+N
am

e:S
tring

+O
perationU
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uration:Float

+S
etuoT

im
e:Float

+Q
ualificationC

ost:Float
+U

nitaryExecutionC
ost:Float

	

1..*
1

1
1..*

1..*

1

RouteStep
		

1..*
1

11

*
P
redecessor

*

S
uccessor

P
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P
A
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U

TO
M
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W
orkshop 

    

A
rticle 

+N
am

e:S
tring 

  
O

peration 
+N

am
e:S

tring 
  

R
esource 

+N
am

e:S
tring 

+Availability:B
oolean 

  

* 

1 

* 
1 

* 

1 

R
oute 

+A
ctive:B

oolean 
+N

am
e:S

tring 
  

Q
ualification 

+N
am

e:S
tring 

+O
perationU

nitaryD
uration:Float 

+S
etuoTim

e:Float 
+Q

ualificationC
ost:Float 

+U
nitaryE

xecutionC
ost:Float 

  1..* 
1 

1 
1..* 

1..* 
1 

R
outeStep 

    1..* 
1 

1 1 
* 

P
redecessor 

* 
S

uccessor 

Accepted ? 
U

pdate the used m
achine Q (o

jk 	,	m
)	=	1	

U
pdate the job availability job

j_available 	=	0 
 

 

Rejected ?
[o

jk-1_executed ==1 &
&

job
j_available ==1 ]

Requested ! 

Executed ? 
U

pdate the job availability job
j_available 	=	1	

U
pdate the operation execution o

jk_executrd =	1 
    

W
aiting for operation o

jk  to be perform
ed  

W
aiting for the end 

of operation o
jk  

W
a

itin
g 

fo
r 

a 
m

achine m
 answ

er  

E
nd of operation o

jk  
 

  

  

[F(o
jk , m

, t) ==0] 
Rejected !

  Requested ? 
U

pdate F(o
jk , m

, t) 

[F(o
jk , m

, t) ==1] 
Accepted !
M

achine_clock=0 
 

[M
achine_clock greater or equal 

to the operation duration d
jkm ] 

Executed ! 

Idle 

C
om

puting answ
er 

O
peration o

jk  execution 
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C
O

N
C

LU
SIO

N
S  

 M
odèles SED

 => solution prom
etteuse pour l’ordonnancem

ent 
d’ateliers flexibles : 
 Intrinsèquem

ent capables de m
odéliser la dynam

ique des systèm
es 

 Avec des m
éthodes associées capables de trouver des ordonnancem

ents 
 P

ouvoir de m
odélisation supérieur aux approches classiques 

 Prototype logiciel en cours de finalisation (sans incertitude) 
 P

reuve de concept 

 
Finaliser l’évaluation de l’approche par rapport aux m

éthodes classiques 
 

Tester le logiciel sur un exem
ple industriel 

 
Prise en com

pte des perturbations : 

P
ER

SPEC
TIVES 
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Prise en com

pte des perturbations : 
 A

léas : L’occurrence d’un évènem
ent non prévu , 

 Incertitudes : difficulté de connaître de façon certaines les grandeurs 
factuelles d’un problèm

e. 
 Incertitudes sur les données : durées d’exécutions, deadlines,…

 
 Incertitudes sur les états : E
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The approach Modelling FMS Probabilistic verification/evaluation Conclusion
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Flexible Manufacturing systems

• a set of basic components
• machines
• transportation unit
• ....

• composition of these
di↵erent elements

• comparing di↵erent
architectures/solutions
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The approach Modelling FMS Probabilistic verification/evaluation Conclusion

Principle of the approach

Build the FMS model :

• In an intuitive way

• with appropriate granularity

Four steps :

• choose a type of element (transport, machine, loading unit)

• fix parameters

• combine components by binding variable names
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The approach Modelling FMS Probabilistic verification/evaluation Conclusion

Petri Nets

Model to describe our systems

1. places with tokens

2. local transitions
consuming/producing
tokens

3. good to model distributed
systems
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The approach Modelling FMS Probabilistic verification/evaluation Conclusion

Example : machine unit

Need to specify :

• type of material
needed

• bu↵ers dimension

• processing times

• failure/repair times
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needed

• bu↵ers dimension
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• failure/repair times SM1
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idle

out

out b1

out b2

go1

go2
pra2a3

pra1
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repair
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fail2
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fail1
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Transport unit

Need to specify :

• what can go where

• transportation policy

• delivery time

+ appropriate parameters
depending on the nature
of the unit

ST1

X3.in a1

X2.in a1

X3.in a2

X2.in

X3.in

X2.idle

X1.out a1

X1.out a2

snd1

snd3

snd5

D1

D3

D2

X3.idle

idle

X1.out

X2.down X3.down

snd2

snd4

X3.full

X2.full

a2 elements go to X3.

if X3 idle and not full, deliver a1 to X3,

else if X2 idle and not full, deliver a1 to X2,

else if X3 up and not full, deliver a1 to X3,

else if X2 up and not full, deliver a1 to X2.
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Probabilistic aspects

Probabilities required to model :

• uncertainty of the time to process a product,

• possible failure of machines,

• time until repairing the machine,

 we need to enrich the model with probabilities
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Stochastic

Petri Nets

Model to describe our systems

1. places with tokens

2. local transitions
consuming/producing
tokens

3. good to model distributed
systems

We need :

• probabilistic distributions
(exponential and others)

• priorities / weights

exp, 1

w

1

unif , [.3, .5]

exp, 2

w

2

unif , [.2, .3]
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Dedicated properties/measures

Classical properties to evaluate a particular scheduling :

• makespan (if finite number of objects)

• probability to meet a deadline

... but also :

• mean time to first failure

• di↵erence of occupancy time between two machines

• mean occupancy of a bu↵er during rush times/failure

• expected waiting time for k products
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Model checking probabilistic systems

Two main approaches :

Numerical Statistical
graph algorithms
+ matrix calculus

sampling paths and resorting
to statistical results

better accuracy
uncertainty due to the
statistical approach

decidable classes of systems freedom ! !
unbounded paths OK finite (relatively short) paths
combinatorial explosion no problem with big systems
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Expressing complex properties

Automaton

Init

ẋ

1

:1

ẋ

2

:0

Mthre

ẋ

1

:1

ẋ

2

:1

End

E\{I,D}

D, nb��
I,nb<max

nb++

E\{I,D}

I, nb++

D,nb>max+1

nb��

x

1

=

k

x

1

=k

I,nb=max,nb++

D,nb=max+1,nb��

The linear hybrid automaton :

• precisely select chosen executions

• maintain relevant information along the path
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COSMOS, a prototype tool for statistical verification

• system : a Petri net

• property/indicator : a linear hybrid automaton

• synchronise the two (and reject non synchronising paths),

• statistically verify probabilistic properties/Evaluate chosen
criteria
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Comparison with UppAal SMC

UppAal SMC COSMOS

user friendly textual description of properties

well established tool prototype

exponential & uniform distributions various others

clock rates 0 or 1 constants or system dependant

set clock value to a constant linear expression over variables

comparison with PRISM?
Let’s see after Dave’s talk :o)
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What else ?

• applying statistical model checking to other domains :
• biological systems
• real size applications (through SimGrid)

• an experiment on checking conflict freedom for multi threaded
programs (something to talk about over lunch ?)

• starting collaboration with Pascale & Alexis
• so far in UppAal (SMC)
• next in COSMOS, or PRISM?
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Basic cyclic scheduling problem

Schedule elementary tasks T = {1, ..., n} infinitely repeated.
Each task i has a processing time pi

< i , k > is the k≠th occurrence of i such that k œ N

t(i , k) the start time of < i , k >

’i œ T , ’k œ N : t(i , k + 1) = – + t(i , k)

where – is the cycle time.

L. Houssin, I. Hamaz, S. Cafieri The time varying cyclic scheduling problem 2 / 63



Basic cyclic scheduling problem

Schedule elementary tasks T = {1, ..., n} infinitely repeated.
Each task i has a processing time pi

< i , k > is the k≠th occurrence of i such that k œ N

t(i , k) the start time of < i , k >

’i œ T , ’k œ N : t(i , k + 1) = – + t(i , k)

where – is the cycle time.

L. Houssin, I. Hamaz, S. Cafieri The time varying cyclic scheduling problem 2 / 63



Basic cyclic scheduling problem

Schedule elementary tasks T = {1, ..., n} infinitely repeated.
Each task i has a processing time pi

< i , k > is the k≠th occurrence of i such that k œ N

t(i , k) the start time of < i , k >

’i œ T , ’k œ N : t(i , k + 1) = – + t(i , k)

where – is the cycle time.

L. Houssin, I. Hamaz, S. Cafieri The time varying cyclic scheduling problem 2 / 63



Uniform constraints

Precedence constraint between i and j :

’i , j œ T , ’k œ N : t(i , k) + pi Æ t(j , k + Hij).

i

j
(pi , Hij)

Non reentrance constraint:

’i œ T , ’k œ N : t(i , k) + pi Æ t(i , k + 1).
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Solving a cyclic scheduling problem

Goal
Minimize the cycle time –.

find a cyclic schedule w where all t(i , k) minimize –.

Starting times of occurrences of a task i are all connected:

’i œ T , ’k œ N : t(i , k) = t(i , 0) + –k.
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Solving a cyclic scheduling problem

Cyclic schedule property
A cyclic schedule w is totally defined by

a set Sw = {t(i , 0) œ R+ | i œ T }

a cycle time –
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Solving a cyclic scheduling problem

Cycle time
The minimum cycle time of the system is given by the maximum mean
cycle of the graph that is defined by

– = max
cœC

fl(c)

where

fl(c) =
q

(i ,j)œc Lij
q

(i ,j)œc Hij

and C is the set of all circuits in G .
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The cyclic job shop problem

The Cyclic Job Shop Problem (CJSP) is a cyclic scheduling problem
characterized by:

a set of r jobs J = {J1, ..., Jr }

a job Js involves a set of elementary tasks TJs µ T
a limited number of machines m < n
Elementary tasks are connected with uniform constraints and
disjunctive constraints.
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Disjunctive constraints
Resource constraints leads to

’i , j œ T , ’k, l œ N such that M(i) = M(j), i ”= j and k ”= l :

t(i , k) Æ t(j , l) ∆ t(i , k) + pi Æ t(j , l).

Occurrence shift property
For all machine Ms , if i œ TMs and j œ TMs then

Kij + Kji = 1

i

j
(pi , Kij)

(pj , Kji)
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Scheduling with Work-In-Process W > 1

In a schedule such that W > 1, W works-in-process are allowed.
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Example

CJSP Example
Data:

I 9 tasks
I 4 Jobs
I 3 machines

Job J1 J2 J3 J4
Task t1 t2 t3 t4 t5 t6 t7 t8 t9
Time 1 3 3 1 2 2 1 2 1

Machine M1 M2 M3 M3 M2 M1 M3 M1 M3
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Associated graph of the CJSP (uniform constraints)

s

t1

t1 t2 t3

t4 t5

t6 t7

t8 t9

e

(0,2)

(0,
0)

(0,0)

(0,0)
(0,0)

(3,0)

(2,0)

(1,0)
(1,

0)

(1,0) (3,0)

(1,0)

(2,0)

(2,0)
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Associated graph of the CJSP (uniform constraints and 2
disjunctive constraints)
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Example - cyclic schedule s.t. WIP = 1

Example of a 1-cyclic schedule such that WIP = 1

Time 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

M1 1 8 6 1 8 6 1 8 6

M2 2 5 2 5 2 5

M3 4 9 3 7 4 9 3 7 4 9 3 7

– = 8
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Example - cyclic schedule s.t. WIP = 2

Example of a 1-cyclic schedule such that WIP = 2

Time 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

M1 1 8 6 1 8 6 1 8 6

M2 2 5 2 5 2 5

M3 4 9 3 7 4 9 3 7 4 9 3 7

– = 6
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Sensitivity analysis of a cyclic schedule

How does the schedule behave when a subset of tasks has their processing
time increasing?
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Sensitivity analysis of a cyclic schedule

I A subset of tasks has variable processing times.
I pi œ [pi , pi ] or pi = pi + ”i .
I What is the influence on the cycle time?

L. Houssin, I. Hamaz, S. Cafieri The time varying cyclic scheduling problem 16 / 63



The critical circuit: a moving element

0

1 2

3 4
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Critical circuit: 3 ≠ 1 ≠ 3, – = 13
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The critical circuit: a moving element
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Circuit critique : 2 ≠ 4 ≠ 2, – = 14
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The critical circuit: a moving element

A circuit C is characterized by
The sum of the edge’s length of the circuit: LC

The sum of the edge’s height of the circuit: HC

The own cycle time of the circuit –C = LC
HC

The cycle time of the schedule is the greatest cycle time of all circuits in
the graph.

L. Houssin, I. Hamaz, S. Cafieri The time varying cyclic scheduling problem 19 / 63



The critical circuit: a moving element

The cycle time of a circuit C including a time varying task i is moving as
follows:

–C(”i) = LC
HC

+ ”i
HC
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For a given schedule, the critical circuit can move according to the
duration time of the task i .
Several circuits could be concerned.
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Finding circuits in a graph

Although there is an exponential number of simple circuits in the graph,
several algorithms can find them.

1 Tarjan
2 Johnson
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Example

Tasks 5 et 9 have varying processing times: ”5 œ [0, 10] and ”9 œ [0, 10].
Circuits implied with respect to the variation.

Circuit Length Height Circuit
C1 10 1 1-2-5-8-10-1
C2 15 1 3-8-11-3
C3 22 2 2-5-9-2
C4 26 2 2-6-2
C5 28 2 3-7-9-3
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Evaluation of a schedule

Let us consider pi = pi . The optimal schedule is Spi .
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Evaluation of a schedule

Other schedules could be of interest.
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Evaluation of a schedule

How to decide? Which criterion should we consider?
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Evaluation of a schedule

How to decide? Which criterion should we consider?

Minimize the volume of the polytope.

min V (S) =
⁄ pi

pi
–(pi)dpi .
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Evaluation of a schedule

How to compute the volume of the polytope?

Library VINCI
Just need the faces: Ax Æ b

.
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Evaluation of a schedule

How to compute the volume of the polytope?
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The objective is to find the schedule that produces the smallest
polytope. We can use a branch and bound procedure to solve the
problem.

We branch on the occurrence shifts. When an occurrence shift is
fixed, the disjunction is solved.
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The branch and bound scheme

A schedule is consistent if there is no circuit with non-positive height.

Each disjunction must not compromise the consistency of the
schedule.
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The branch and bound scheme
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We can deduce bounds on the occurrence shifts.
each occurrence shift Kij has a lower bound that guarantees the
consistence of the graph:

K≠
ij = 1 ≠ min{H(µ) | µ path from j to i in G}.

since Kij + Kji = 1, we can easily deduce an upper bound:

K≠
ij Æ Kij Æ 1 ≠ K≠

ji
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Example

Lower bound K25

New circuit C = (t5, e, s, t1, t2, )
such that
H(C) = 0 + 0 + K25 + 0 + 2.
since H(C) Ø 1.

We deduce the following lower
bound: K≠

25 = ≠1
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Bounds on occurrence shifts: Example

Lower bound K52
New circuit
C Õ = (t2, t3, e, s, t4, t5)
such that
H(C Õ) = 0 + 0 + K52 + 0 + 0 + 2.

since H(C Õ) Ø 1
We have the following lower
bound: K≠

52 = ≠1

s

t1

t1 t2 t3

t4 t5

t6 t7

t8 t9

e

(0,2)

(0
,0)

(0,0)

(0,0)(0,0)

(3,0)

(2,0)

(1,0)

(1,
0)

(1,0) (3,0)

(1,0)

(2,0)

(2,0)

(2,K
52 )

L. Houssin, I. Hamaz, S. Cafieri The time varying cyclic scheduling problem 33 / 63



Bounds on event shifts: Example

Bounds on K25 and K52

Since K≠
ij Æ Kij Æ 1 ≠ K≠

ji
we have

≠1 Æ K25 Æ 2

and
≠1 Æ K52 Æ 2
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Example

CJSP Example
Data:

I 8 tasks
I 3 Jobs
I 2 machines

Job J1 J2 J3
Task t6 t1 t5 t7 t8 t2 t3 t4
Time 3 9 8 10 3 1 1 4

Machine M2 M1 M2 M2 M1 M2 M2 M2

I 2 tasks with varying processing time: p3 œ {1, 10} and p5 œ {8, 17}
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Example
Optimal schedule for p3 = 1 and p5 = 8.

V (Sp) = 3159,
mean value of – with respect to the variation: 39.
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Example
Optimal schedule for p3 = 10 and p5 = 17.

V (Sp) = 3136.5,
mean value of – with respect to the variation: 38.72
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Example
Optimal schedule for p3 œ {1, 10} and p5 œ {8, 17}.

V (Sopt) = 2956,
mean value of – with respect to the variation: 36.5
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Example

Optimum Found = 1
First Feasible Solution = 3136.5
Best = 2956.5
Associate cycle time = 36.5
Number Visited Nodes = 31
Number Feasible Nodes = 6
Elapsed Time = 1.647
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Perspectives

Improve the search of circuits.
Consider other criteria.

I Maximize the number of scenarii where the cycle time is lower than a
given value.

I Maximize the range of ” around a nominal value of a vector p where
the cycle time remains unchanged.
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Part II: Robust optimization applied to the basic cyclic scheduling problem
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Robust optimization

Optimization under uncertainties
Stochastic optimization
Robust optimization
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Robust optimization

Deterministic LP

min Cx
s.t. Ax Ø b

x œ X

Robust optimization
Some parameters belong to an uncertainty set �. We aim to optimize
some criteria over the uncertainty set.
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Robust optimization

Robust optimization
Some parameters belong to an uncertainty set �. We aim to optimize
some criteria over the uncertainty set.

aij = aij + ‚aijzij

zij œ [≠1, 1]
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Robust optimization
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Robust optimization
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Robust optimization
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Robust optimization

Robust optimization
Conservative approach (Soyster 1973)

Ellipsoidal approach (Ben Tal & Nimerovski 1999-2000)
Bertsimas and Sim approach (Berstimas & Sim 2004)
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Two-stage robust optimization

Two-stage robust optimization
Two groups of decision variables are considered:

First stage : All decisions are taken before knowing the uncertainty.
Second stage : delayed until the uncertainty has been revealed.

x ≠æ › ≠æ y(›)
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Two-stage robust optimization

Two-stage robust optimization
Two groups of decision variables are considered:

First stage : All decisions are taken before knowing the uncertainty.
Second stage : delayed until the uncertainty has been revealed.

x ≠æ › ≠æ y(›)

two-stage LP
(Determinist)

min cx + qy
s.t. Tx + Wy = h

x œ X
y Ø 0
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Two-stage robust optimization
Two groups of decision variables are considered:

First stage : All decisions are taken before knowing the uncertainty.
Second stage : delayed until the uncertainty has been revealed.

x ≠æ › ≠æ y(›)

two-stage LP
(Determinist)

min cx + qy
s.t. Tx + Wy = h

x œ X
y Ø 0

Two-stage robust LP
min max

›œ�
{cx + q(›)y(›)}

s.t. T (›)x + W (›)y(›) = h(›) ’› œ �
x œ X

y(›) Ø 0 ’› œ �
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Uncertainty set

The processing time pi of each task i belongs to the interval
[p̄i , p̄i + p̂i ]

pi(›) = p̄i + ›i p̂i , ’› œ �, i œ T

with � =
I

(›i)1ÆiÆT
---

Tÿ

i=1
›i Æ �, ›i œ {0, 1}

J

L. Houssin, I. Hamaz, S. Cafieri The time varying cyclic scheduling problem 48 / 63



Associated graph for example 1

1

2

3

4

([0,0],1)

([1,2],0) ([2,5],0)

([1,2],0) ([3,4],0)

The determinist cycle time value is – = 4
The robust cycle time (with � = 1) value is – = 6
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Mathemathical formulation (as two-stage model)

The BCSP can be considered as a two stage optimization problem

min –

s.t. tj(›) ≠ ti(›) + –.Hij Ø pi(›) ’(i , j) œ E , › œ �

Decision variables
– : first stage decision variable (before knowing the realization of the
uncertainty)
(t)1ÆiÆT : second stage decision variables (after the uncertainty
realization)
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Separation problem

For a given cycle time –̄, determine whether the precedence
constraints can be satisfied for each realization › or not.

tj(›) ≠ ti(›) Ø pi(›) ≠ –̄.Hij ’(i , j) œ E , › œ �
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Separation problem

According to Farkas Lemma, a given cycle time – is feasible if and
only if the optimal solution of the following optimization problem is
non-positive

max
ÿ

eœE
(pe(›) ≠ He–̄)ue

s.t. › œ �
ÿ

eœ‡≠(v)
ue ≠

ÿ

eœ‡+(v)
ue = 0 ’v œ V

ue Ø 0 ’e œ E

The solution of the problem is a circulation flow.
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Separation problem

Property
A circulation u can be represented as a cycle flow along at most m
directed cycles.

We denote Ae(›) = pe(›) ≠ He–̄ be the amplitude of the arc e.
Let G–̄(E , A) the graph where each arc e has Ae(›) as value.
The separation problem is feasible ≈∆ the graph G–̄ has no circuit
with positive amplitude for all › œ �.
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Separation problem

The cycle time – is feasible if
and only if G–̄(E , A) has no
circuit with positive cycle.

The cycle time – is feasible if
and only if G–̄(E , ≠A) has no
circuit with negative cycle.

The bellman-Ford algorithm with cycle detection can be extended to
compute to shortest path with at least � deviations, and detect a
negative cycle if it exists.
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Associated graph for example 1

1

2

3

4

[-3,-3]

[1,2] [2,5]

[1,2] [3,4]

–̄ = 3
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Associated graph for example 1

1
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4

[3,3]

[-2,-1] [-5,-2]

[-2,-1] [-4,-3]

–̄ = 3
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Separation problem

Definition
di [“] : The value of the shortest path from a source s to i with uncertainty
budget “.

Dynamic program recursion:

’j œ T \S, ’“ = 0..� :

dj [“] = min
iœpred(j)

min{di [“ ≠ 1] + c̄ij + ĉij , di [“] + c̄ij}
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Separation problem
Algorithm 1 Bellman-Ford’s algorithm

Input: A graph G(V , E , c).
Output: Return "True" if negative cycle exists, "False" else

Negative = False‘
for all “ = 0 .. � do

ds [“] = 0
for all j œ V \s do

dj [“] = Œ
for all j = 1..|V | ≠ 1 do

for all “ = 0 .. � do
for all (i , j) œ E do

Scan(i,j,“ )
if ds [“] < 0 then

Negative = True
end ifreturn Negative
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Negative cycle detection algorithm

Algorithm 2 scan (i,j,“)

dj [“] = miniœpred(j) min{di [“ ≠ 1] + c̄ij + ĉij , di [“] + c̄ij}
Predj [“] = argminiœpred(j) min{di [“ ≠ 1] + c̄ij + ĉij , di [“] + c̄ij}
if dj [“] = di [“ ≠ 1] + c̄i ,j + ĉi ,j then

›j [“] = 1
end if
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Example
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Example
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Negative cycle detection algorithm (complexity)

Remark
The algorithm detects only cycles containing the source node S ∆ the
algorithm must be performed with each node as a source

Complexity O(n2m�) .
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Algorithm

Algorithm 3 RBCSP
1: Start with a lower bound –̄.
2: Run the negative cycle detection algorithm with G–̄(E , ≠A).
3: If a negative cycle c is detected

Then improve the cycle time c (–̄ = fl(c)).
return to step 2

Else the cycle time –̄ is optimal.

Complexity
The algorithm run in O(n2.m.�.N) (N : The number of simple cycles of the
graph).

Remark
A binary search algorithm can adapted to resolve the robust BCSP and this
algorithm run in O(n2.m.�.lg(n.Pmax .Hmax ))
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Conclusion

We proposed an algorithm to resolve the robust basic cyclic
scheduling problem

Perform numerical experementation.
Improve the negative circuit dectection (other strategies?)
Consider extensions of the problem such as the cyclic scheduling
problem with resource constraints (Jobshop problem).
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Introduction

A Scheduling Problem (adapted from [BFSV04])

I Three real-time tasks ⌧1, ⌧2 and ⌧3:
I ⌧1 is periodic with period 50 and execution time C1 2 [10, 20];
I ⌧2 is sporadic with min. delay 100 and execution time C2 2 [18, 28];
I ⌧3 is periodic with period 150 and execution time C3 2 [20, 28];

I Scheduling policy: priority with ⌧1 > ⌧2 > ⌧3 (non preemptive);

I Is it schedulable?
Each task always has at most one instance running

I It is! (we will see that later)
I Do it for:

I Complex interactions ! formal models;
I Timing uncertainty ! timed models;
I preemptive scheduling ! stopwatches;
I Design uncertainty ! parameters;
I Soft real-time constraints, or energy constraints ! cost optimisation.
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Introduction

Roméo

I Roméo is a tool for the verification of Time Petri Nets;

I Developed since 2001 by Olivier H. Roux and Didier Lime;

I Written in C++ (engine, ⇠24K loc) and Tcl/Tk (GUI, ⇠18K loc);

I Distributed under the terms of the CeCILL open source license;

I Supports discrete variables, stopwatches, costs, parameters.

I Available at:

http://romeo.rts-software.org
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Introduction

Roméo: Some Success Stories

I Analysis of resilience properties in oscillatory biological systems [AMI16];

I Environment requirements for an aerial video tracking system (with Thales
Research) [PRH+16];

I Operational scenarios modelling in the DGA OMOTESC project (with
Sodius Nantes, Charlotte Seidner’s Ph. D.) [Sei09].
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Time Petri Nets

Petri Nets

p1

p1

p2

p2

p3

p3

p4

p4

t2

2

t1

3
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Time Petri Nets

Time Petri Nets

p0 p1

t0[1, 4] t1[2, 3]

p2

t0 2 [1, 4]
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1.1��! [0, 2.9]
[0.9, 1.9]

t0�! [1, 4]
[0.9, 1.9]

1.9��! [0, 2.1]
[0, 0]

t1�! [0, 2.1]
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Time Petri Nets

Basic Properties

I The non-nested fragment of TCTL + (bounded) response;
I Marking properties are either:

I linear constraints on the marking: p1 + 2 ⇤ p2 > 4
I a boundedness property: bounded(1)
I a deadlock property: deadlock

I Temporal properties (�, are marking properties):
I

E� U [3, 4] : there is a path on which  eventually holds in 3 to 4 t.u. and �
holds in the meantime;

I
A� U [3, 4] : on all paths  eventually holds in 3 to 4 t.u. and � holds in the
meantime;

I ���> [0, 5] : whenever � holds, on all subsequent paths  holds within 5
t.u.

I Classic shorthands:
I

EF [3, 4] = E true U [3, 4] : reachability;
I

AF [3, 4] = A true U [3, 4] : inevitability;
I

EG = ¬AF (¬ ): preservability;
I

AG = ¬EF (¬ ): safety.

Didier Lime (ECN – LS2N) Roméo Nancy, June 8th, 2017 9 / 41



Time Petri Nets

Basic properties

EF'
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Time Petri Nets

Basic properties

AF'
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Time Petri Nets

Basic properties

EG'
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Time Petri Nets

Basic properties

AG'
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Time Petri Nets

State Classes [BD91]

I There is an uncountable number of states even in bounded TPNs;

I ) group all states obtained by the same sequence of transition firing;

p0 p1

t0[1, 4] t1[2, 3]

p2

Initially:
⇢

1  t0  4
2  t1  3

Fire t0:
8
<

:

1  t0  4
2  t1  3
t0  t1

New times to fire:
8
<

:

1  t0  4
2  t01 + t0  3
t0  t01 + t0

Disabled (incl. t0):

�
0  t 01  2

Newly enabled:
⇢

1  t0  4
0  t1  2

Class firing domains are zones (DBMs).
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Time Petri Nets

Basic Algorithms

EFG (S ,M) =

8
><

>:

true if m 2 G
false if S 2 MW

t2T
S0=Next(S,t)

EFG

�
S 0,M [ {S}

�
otherwise

AFG (S ,M) =

8
>>><

>>>:

true if S = (m,D) and m 2 G
false if S 2 M
false if S has no successorV

t2T
S0=Next(S,t)

AFG

�
S 0,M [ {S}

�
otherwise

I G a set of markings to reach;

I M is a list of visited state classes;

I Next(S , t) computes the state class successor of S by transition t;

I If the net is bounded termination is guaranteed.
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Time Petri Nets

Example: A Scheduling Problem

Activate1
[50, 50]

Activate2
[100,1[

Activate3
[150, 150]

Ready1 Ready2 Ready3

Choose1
[0, 0]

Choose2
[0, 0]

Choose3
[0, 0]

Exec1 Exec2 Exec3

Term1
[10, 20]

Term2
[18, 28]

Term3
[20, 28]

Mutex

Schedulability: AG bounded(1)
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Time Petri Nets

Example: A Scheduling Problem – with Variables
Activate1
[50, 50]

Activate2
[100,1[

Activate3
[150, 150]

Ready1 Ready2 Ready3

Choose1
[0, 0]
Mutex == 1
Mutex = 0;

Choose2
[0, 0]
Mutex == 1 &&
Ready1 == 0
Mutex = 0;

Choose3
[0, 0]
Mutex == 1 &&
Ready1 + Ready2 == 0
Mutex = 0;

Exec1 Exec2 Exec3

Term1
[10, 20]
Mutex = 1;

Term2
[18, 28]
Mutex = 1;

Term3
[20, 28]
Mutex = 1;

Mutex is here an integer variable intialised to 1.
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Stopwatch Petri Nets

Outline

Introduction

Time Petri Nets

Stopwatch Petri Nets

Timing Parameters

Minimal Cost Reachability

Conclusion
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Stopwatch Petri Nets

Stopwatch Petri Nets (Time Inhibitor Arcs)

p0 p1

t0[1, 2] t2[0, 2] t1[2, 3]

p2p3

t0 2 [1, 2]
t1 2 [2, 3]

1.1��! [0, 0.9]
[0.9, 1.9]

t0�! t2 2 [0, 2]
t1 2 [0.9, 1.9]

1.9��! [0, 0.1]
[0.9, 1.9]

t2�! t0 2 [1, 2]
t1 2 [0.9, 1.9]

1.9��! [0, 0.1]
[0, 0]

t1�! [0, 0.1]
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Didier Lime (ECN – LS2N) Roméo Nancy, June 8th, 2017 16 / 41



Stopwatch Petri Nets

Stopwatch Petri Nets (Time Inhibitor Arcs)

p0 p1

t0[1, 2] t2[0, 2] t1[2, 3]

p2p3

t0 2 [1, 2]
t1 2 [2, 3]

1.1��! [0, 0.9]
[0.9, 1.9]

t0�! t2 2 [0, 2]
t1 2 [0.9, 1.9]

1.9��! [0, 0.1]
[0.9, 1.9]

t2�! t0 2 [1, 2]
t1 2 [0.9, 1.9]

1.9��! [0, 0.1]
[0, 0]

t1�! [0, 0.1]
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Stopwatch Petri Nets

Stopwatch State Classes

p0 p1 p4

t0[1, 2] t2[0, 2] t1[2, 3] t3[5, 5]

p2 p5p3

1  t0  2
2  t1  3
5  t3  5

t0�!

0  t2  2
0  t1  2
3  t3  4
�3  t3 � t4  �2

Class firing domains can be arbitrary polyhedra.
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Stopwatch State Classes
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t2�!

0  t2  2
0  t1  2
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�3  t1 � t3  �2
t2  t 03+t2
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Didier Lime (ECN – LS2N) Roméo Nancy, June 8th, 2017 17 / 41



Stopwatch Petri Nets

Stopwatch State Classes

p0 p1 p4

t0[1, 2] t2[0, 2] t1[2, 3] t3[5, 5]

p2 p5p3

1  t0  2
2  t1  3
5  t3  5

t0�!

0  t2  2
0  t1  2
3  t3  4
�3  t3 � t4  �2

t2�!

1  t0  2
0  t1  2
1  t3  4
�3  t1 � t3  0

Class firing domains can be arbitrary polyhedra.
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Stopwatch Petri Nets

Example: A Preemptive Scheduling Problem
Activate1
[50, 50]

Activate2
[100,1[

Activate3
[150, 150]

Ready1 Ready2 Ready3

Exec1
[10, 20]

Exec2
[18, 28]

Exec3
[20, 28]

End1 End2 End3

Term1
[0, 0]

Term2
[0, 0]

Term3
[0, 0]

WCRT of ⌧3 less than 96: (Ready3 > 0) --> [0,96] (End3 > 0)

Didier Lime (ECN – LS2N) Roméo Nancy, June 8th, 2017 18 / 41



Stopwatch Petri Nets

Example: A Preemptive Scheduling Problem
Activate1
[50, 50]

Activate2
[100,1[

Activate3
[150, 150]

Ready1 Ready2 Ready3

Exec1
[10, 20]

Exec2
[18, 28]

Exec3
[20, 28]

End1 End2 End3

Term1
[0, 0]

Term2
[0, 0]

Term3
[0, 0]

WCRT of ⌧3 less than 96: (Ready3 > 0) --> [0,96] (End3 > 0)
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Timing Parameters

Outline

Introduction

Time Petri Nets

Stopwatch Petri Nets

Timing Parameters

Minimal Cost Reachability

Conclusion
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Timing Parameters

Parametric Time Petri Nets

p0 p1

t0[1, 4] t1[2, 3]

p2

Didier Lime (ECN – LS2N) Roméo Nancy, June 8th, 2017 20 / 41



Timing Parameters

Parametric Time Petri Nets

p0 p1

t0[a, b] t1[2, 3]

p2
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Timing Parameters

Parametric Properties

I Given a TCTL property ', what are the values of the parameters such that
' holds?

I Every (non-trivial) related decision problem is undecidable.
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Timing Parameters

Parametric State Classes [TLR09]

p0 p1

t0[a, 4] t1[2, b]

p2

Initially:
⇢

a  t0  4
2  t1  b

Fire t0:
8
>><

>>:

a  t0  4
2  t1  b
t0  t1
(a  b)

New times to fire:
8
<

:

a  t0  4
2  t01 + t0  b
t0  t01 + t0

Disabled (incl. t0):

�
0  t 01  b� a

Newly enabled:
⇢

a  t0  4
0  t1  b� a

Class firing domains are parametric zones.
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Timing Parameters

Parametric Algorithms

EFG (S ,M) =

8
><

>:

DP if m 2 G
; if S 2 MS

t2T
S0=Next(S,t)

EFG

�
S 0,M [ {S}

�
otherwise.

AFG (S ,M) =

8
>>><

>>>:

DP if m 2 G
; if S 2 M
; if S has no succ.⇣T

t2T
S0=Next(S,t)

�
AFG

�
S 0,M [ {S}

�
[(QP \ S0

P)
�⌘

otherwise
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Timing Parameters

AF: Cutting for More

p0
t1[0,1)

p1
t2[1, 2a]

p2

I Put a token in p1: no constraint

I Put a token in p2: a � 1
2

I Ensuring both paths are possible (for AF (p1 > 0 or p2 > 0)): a � 1
2

I Or we can cut t2 and p2 o↵ with a < 1
2 and the property is satisfied with no

further constraint

I Finally, AF (p1 > 0 or p2 > 0) is satisfied for all values of a.
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Timing Parameters

Symbolic Synthesis for Bounded Integers

I EF-emptiness is undecidable for integer parameters [AHV93];

I It is undecidable for bounded rational parameters [Mil00];
I It is PSPACE-complete for bounded integer parameters [JLR15].

I non-deterministically guess a parameter valuation and store it (polynomial
storage size);

I instantiate the PTA or PTPN and solve the problem (PSPACE);
I PSPACE = NPSPACE (Savitch’s theorem).

I Synthesis can be done symbolically, using integer hulls:

y

x
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Timing Parameters

Symbolic Synthesis for Bounded Integer Parameters

I IEF computes polyhedra containing exactly the “good” integer parameter
valuations:

IEFG (S ,M) =

8
><

>:

DP if m 2 G
; if S 2 MS

t2T
S0=IH(Next(S,t))

IEFG

�
S 0,M [ {S}

�
otherwise.

I It is guaranteed to terminate when the parameters are bounded;

I AF can be modified similarly;

I Warning: the result of IAF is not dense [ALR15]
But we can modify IAF to make it so
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Timing Parameters

Example: A Parametric Scheduling Problem

Activate1
[a, a]

Activate2
[2a,1[

Activate3
[3a, 3a]

Ready1 Ready2 Ready3

Choose1
[0, 0]

Choose2
[0, 0]

Choose3
[0, 0]

Exec1 Exec2 Exec3

Term1
[10, b]

Term2
[18, 28]

Term3
[20, 28]

Mutex

Schedulability: AG bounded(1)
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Minimal Cost Reachability
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Minimal Cost Reachability

Cost Time Petri Nets

p0 p1

t0[1, 2]
c = c� 1

t2[0, 2] t1[2, 3]

p2p3ċ = 2p0 + 3p3

t0 2 [1, 2]
t1 2 [2, 3]
c = 0

1.1��!
[0, 0.9]
[0.9, 1.9]
c = 2.2

t0�!
t2 2 [0, 2]
t1 2 [0.9, 1.9]
c = 1.2

1.9��!
[0, 0.1]
[0.9, 1.9]
c = 6.9

t2�!
t0 2 [1, 2]
t1 2 [0.9, 1.9]
c = 6.9

1.9��!
[0, 0.1]
[0, 0]
c = 10.7

t1�!
[0, 0.1]

c = 10.7
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p2p3ċ = 2p0 + 3p3

t0 2 [1, 2]
t1 2 [2, 3]
c = 0

1.1��!
[0, 0.9]
[0.9, 1.9]
c = 2.2

t0�!
t2 2 [0, 2]
t1 2 [0.9, 1.9]
c = 1.2

1.9��!
[0, 0.1]
[0.9, 1.9]
c = 6.9

t2�!
t0 2 [1, 2]
t1 2 [0.9, 1.9]
c = 6.9

1.9��!
[0, 0.1]
[0, 0]
c = 10.7

t1�!
[0, 0.1]

c = 10.7
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Minimal Cost Reachability

Cost State Classes

I Cost state classes can be computed as if the cost were a hybrid variable
(much as for stopwatches);

I They can also be split into finite unions of simple cost state classes:
(DBM(~✓), c � `(~✓));

I Mincost algorithm is a trivial variation of EF;

I Termination is guaranteed (currently, in the implementation, only if there are
no negative cost loops).
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Minimal Cost Reachability

Example: A Soft Real-time Scheduling Problem

See demo.
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Conclusion

Conclusion

I Buy Roméo now!
I Roméo allows for a wide range of analyses on Time Petri Nets (extended with

variables);
I The additional combined availability of costs, parameters, and stopwatches

make it unique;
I It is constantly evolving as a prototype but has good performance and not too

many bugs.

I Next evolutions and uses:
I Add timed control, à la Uppaal-Tiga, but with state classes;
I Add lazy abstraction based algorithms [JL16];
I Model the multicore version of Trampoline RTOS [TBFR17]
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Density of the Results of IEF and IAF

I The question:
I the result of IEF or IAF is a union of convex polyhedra;
I we know that these sets contain exactly the “good” integer valuations;
I but what of the non-integer valuations in those polyhedra?

I The short answer:
I they are all “good” for IEF (but we can do a bit better);
I they are in general not all “good” for IAF (and we can do a bit better).
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The Result of IAF is not Dense

p0
t1[0,1)

p1
t2[1, 2a]

p2

I To ensure AF (p1 > 0), cut t2 and p2, i.e., take a < 1
2 ;

I When p2 is marked, D2 = {1  x ^ 1  2a}, so IH(C2) = {1  x ^ 1  a}
I So, to cut (p2 = 1, IH(D2)), we need a < 1.

I 1
2  a < 1 are not “good” valuations.
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Integer-preserving Dense Underapproximations

I In IAF, we cut o↵ not enough states because IH(D) ✓ D;
I Solution: use integer hulls only for convergence [ALR15]:

RIEFG (S ,M) =

8
><

>:

DP if m 2 G
; if IH(S) 2 MS

t2T
S0=Next(S,t)

EFG

�
S 0,M [ {IH(S)}

�
otherwise.

I Similar for AF;

I Gives a “dense” underapproximation containing at least all integer
valuations.
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Dense Integer-preserving Underapproxations

p0
t1[0,1)

p1
t2[1, 2a]

p2

I AF l1: a < 1
2 instead of (erroneous) a < 1 for IAF

I EF l2: a � 1
2 instead of a � 1 for IEF
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Probabilistic m
odel checking

•
Construction and analysis of probabilistic m

odels
−

state-transition system
s labelled w

ith probabilities
(e.g. M

arkov chains, M
arkov decision processes)

−
from

 a description in a high-level m
odelling language

•
Properties expressed in tem

poral logic, e.g. PCTL:
−

trigger →
 P
≥

0.999
[ F

≤
20

deploy ]
−

“the probability of the airbag deploying w
ithin

20m
s of being triggered is at at least 0.999”

−
properties checked against m

odels using
exhaustive search and num

erical com
putation

0.50.1

0.4



4

Probabilistic m
odel checking

•
M

any types of probabilistic m
odels

supported

•
W

ide range of quantitative properties, expressible in
tem

poral logic
(probabilities, tim

ing, costs, rew
ards, …

)

•
O

ften focus on num
ericalresults (probabilities etc.)

−
analyse trends, look for system

 flaw
s, anom

alies

•
P
≤

0.1 [ F fail ]–
�the probability of a 

failure occurring is at m
ost 0.1

�

•
P

=
? [ F fail ]–

�w
hat is the 

probability of a failure occurring?�
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Probabilistic m
odel checking

•
M

any types of probabilistic m
odels

supported

•
W

ide range of quantitative properties, expressible in
tem

poral logic
(probabilities, tim

ing, costs, rew
ards, …

)

•
O

ften focus on num
ericalresults (probabilities etc.)

−
analyse trends, look for system

 flaw
s, anom

alies

•
Provides "exact" num

erical results/guarantees
−

com
pared to, for exam

ple, sim
ulation

(e.g. statistical m
odel checking)

−
also exhaustive

analysis
(state space, nondeterm

inism
)

−
the trade-off? accuracy vs. scalability

•
Fully autom

ated, tools available, w
idely applicable

−
netw

ork/com
m

unication protocols, security, biology,
robotics & planning, pow

er m
anagem

ent, scheduling, …
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Tool support: PRISM

•
PRISM

: Probabilistic sym
bolic m

odel checker [CAV'11]
−

developed at Birm
ingham

/O
xford University, since 1999

−
free, open source softw

are (GPL), runs on all m
ajor O

Ss

•
Support for:
−

m
odels: D

TM
Cs, CTM

Cs, M
D

Ps, PTAs, SM
Gs, …

−
properties: PCTL, CSL, LTL, PCTL*, rPATL, costs/rew

ards, …

•
Features:
−

sim
ple but flexible high-level m

odelling language
−

m
ultiple efficient m

odel checking engines (e.g. sym
bolic)

−
user interface: editors, sim

ulator, experim
ents, graph plotting

−
recent/new

:strategy synthesis, m
ulti-objective m

odel 
checking, stochastic gam

es, param
etric m

odels, …

•
See: http://w

w
w

.prism
m

odelchecker.org/
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The PRISM
 tool
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real-tim
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ed autom
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−

exam
ple: task graph scheduling under uncertainty

−
m

ore com
plex property specifications

−
exam

ple: robot navigation planning

•
Recent/new

 directions for PRISM
−

m
ulti-objective m
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−

stochastic gam
es

−
partial observability

−
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M
arkov decision processes

•
M

arkov decision processes
(M

D
Ps)

−
w

idely used also in: AI, planning, optim
al control, …

•
Strategies

(or: policies,
schedulers, adversaries, …

)
−

resolve actions based on history

•
Verification vs. strategy synthesis

−
verification: check system

 satisfies a correctness specification
•

e.g. “the probability of a failure is alw
ays

<
 0.01”

−
strategy synthesis: build a "correct-by-construction" system

 
directly from

 a specification of correctness
•

e.g. “does there exista controller (strategy) for w
hich the 

probability of a failure occurring is <
 0.01?”

•
or, optim

ise: “how
 to m

inim
ise

the probability of a failure?”

1

init

0.1
0.05

0.9
send

retry

lost

done

0.95

w
ait

done

1



10

Probabilistic real-tim
e system

s

•
Probabilistic tim

ed autom
ata (PTAs)

−
M

arkov decision processes (M
D

Ps) +
 real-valued clocks

−
or: tim

ed autom
ata +

 discrete probabilistic choice
−

m
odelprobabilistic, nondeterm

inistic
and tim

ed behaviour

•
PTA exam

ple:
−

m
essage transm

ission
over a faulty channel

init
x≤

2

0.9 retry

done
true

lost
x≤

5

fail
true

quit

send
x≥

3
x:=

0

0.1
x≥

1∧
tries≤

N

tries:=
0

tries>
N

x:=
0,

tries:=
tries+

1
States
•locations +

 data variables

Transitions
•guards and action labels

Real-valued clocks
•state invariants, guards, resets

Probability
•discrete probabilistic choice
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M
odelling PTAs in PRISM

•
PRISM

 m
odelling language

−
textual language, based on guarded com

m
ands

pta
const int N

;
m

odule transm
itter

s :[0..3] init 0;
tries :[0..N

+
1] init 0;

x : clock;
invariant (s=

0 ⇒
 x≤

2) & (s=
1 ⇒

 x≤
5) endinvariant

[send]s=
0

& tries≤
N

 & x≥
1

→
0.9

: (s’=
3)

+
0.1

: (s’=
1)& (tries’=

tries+
1) & (x’=

0);
[retry]s=

1
& x≥

3
→

 (s’=
0) & (x’=

0);
[quit]

s=
0

& tries>
N
→

 (s’=
2);

endm
odule

rew
ards “energy”(s=

0): 2.5; endrew
ards
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M
odelling PTAs in PRISM

•
PRISM

 m
odelling language

−
textual language, based on guarded com

m
ands

pta
const int N

;
m

odule transm
itter

s :[0..3] init 0;
tries :[0..N

+
1] init 0;

x : clock;
invariant (s=

0 ⇒
 x≤

2) & (s=
1 ⇒

 x≤
5) endinvariant

[send]s=
0

& tries≤
N

 & x≥
1

→
0.9

: (s’=
3)

+
0.1

: (s’=
1)& (tries’=

tries+
1) & (x’=

0);
[retry]s=

1
& x≥

3
→

 (s’=
0) & (x’=

0);
[quit]

s=
0

& tries>
N
→

 (s’=
2);

endm
odule

rew
ards “energy”(s=

0): 2.5; endrew
ards

Basic ingredients:
•m

odules
•variables
•com

m
ands
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M
odelling PTAs in PRISM

•
PRISM

 m
odelling language

−
textual language, based on guarded com

m
ands

pta
const int N

;
m

odule transm
itter

s :[0..3] init 0;
tries :[0..N

+
1] init 0;

x : clock;
invariant (s=

0 ⇒
 x≤

2) & (s=
1 ⇒

 x≤
5) endinvariant

[send]s=
0

& tries≤
N

 & x≥
1

→
0.9

: (s’=
3)

+
0.1

: (s’=
1)& (tries’=

tries+
1) & (x’=

0);
[retry]s=

1
& x≥

3
→

 (s’=
0) & (x’=

0);
[quit]

s=
0

& tries>
N
→

 (s’=
2);

endm
odule

rew
ards “energy”(s=

0): 2.5; endrew
ards

For PTAs:
•clocks
•invariants
•guards/resets

Basic ingredients:
•m

odules
•variables
•com

m
ands
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M
odelling PTAs in PRISM

•
PRISM

 m
odelling language

−
textual language, based on guarded com

m
andsFor PTAs:
•clocks
•invariants
•guards/resets

Basic ingredients:
•m

odules
•variables
•com

m
ands

Also:
•rew

ards
(i.e. costs, prices)
•parallel com

position

pta
const int N

;
m

odule transm
itter

s :[0..3] init 0;
tries :[0..N

+
1] init 0;

x : clock;
invariant (s=

0 ⇒
 x≤

2) & (s=
1 ⇒

 x≤
5) endinvariant

[send]s=
0

& tries≤
N

 & x≥
1

→
0.9

: (s’=
3)

+
0.1

: (s’=
1)& (tries’=

tries+
1) & (x’=

0);
[retry]s=

1
& x≥

3
→

 (s’=
0) & (x’=

0);
[quit]

s=
0

& tries>
N
→

 (s’=
2);

endm
odule

rew
ards “energy”(s=

0): 2.5; endrew
ards
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Exam
ple: Task-graph scheduling

•
Use probabilistic m

odel checking of PTAs to solve 
scheduling problem

s, e.g. for a task-graph
−

task-graph =
 tasks to com

plete +
 dependencies/ordering

−
for ex.: real-tim

e scheduling, em
bedded system

s controllers

•
Sim

ple exam
ple: [adapted from

 BFLM
11]

−
evaluate expression: D×

(C×
(A+

B))+
((A+

B)+
(C×

D
))

−
w

ith subterm
s evaluated on one of tw

o processors, P
1

or P
2

+ task
1

� task
3

� task
5

�task
2

+task
4

+task
6

D C B A
C

D
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Exam
ple: Task-graph scheduling

•
Task-graph scheduling
−

m
odelled as (non-probabilistic) tim

ed autom
ata

−
aim

 to find optim
al (tim

e, energy usage, etc.) schedulers
−

PTAs allow
 us to reason about uncertain delays

+
 failures

−
optim

al scheduler derived from
 optim

al strategy

•
PTA m

odel
−

parallel com
position of 3 PTAs: one scheduler, tw

o processors
−

for exam
ple, processor P

1 , w
ith local clock x:

2
1

t=cesrf 
t=cesrf 

yb
_ 

t=co
xmu 

t=cdee 

yb
P 

yab
4 

yab
4 

de
e
 

y
P 

 
t
r
u
e
 

o
xmu 

y
_ 

(a)
P

ro
cesso

r
P

1

ad
d
 

x
2 

p1_m
ult 

p1_add 
x:=

0 
x:=

0 

p 

1-p x:=
0 

x:=
0 

x=
3 

p1_fail 
x=

0 

stb
y 

t
r
u
e
 

m
ult 

x
3 

m
_suc 

x=
0 

m
_fail 

x=
0 

x=
0 

p1_done 

p 

1-p 
x:=

0 

x:=
0 x=

2
 

a_suc 
x=

0 

a_fail 
x=

0 

p1_fail 
x=

0 

x=
0 

p1_done 

(b
)

F
au

lty
versio

n
o

f
p

ro
cesso

r
P

1

ad
d

1
 

x
1 

p1_m
ult 

p1_add 
x:=

0 
x:=

0 
stb

y 
t
r
u
e
 

m
ult1

 

x
2 


 


 

x:=
0 x=

1
 

ad
d

2
 

x
2
 

a_suc 
x=

0 
p1_done 

x=
0 

ad
d

3
 

x
3
 

x=
2 

x:=
0 

x=
3 


 


 


 


 x=

2 
x:=

0 

m
ult2

 
x

3 

m
_suc 

x=
0 

x:=
0 

m
ult2

 

x
4 

x:=
0 

x=
3 

 

x:=
0 

x=
4 


 

p1_done 
x=

0 

(c)
P

ro
cesso

r
P

1
w

ith
ran

d
o

m
d

elay
s

F
ig

.
8

P
T

A
s

fo
r

th
e

task
-g

rap
h

sch
ed

u
lin

g
case

stu
d

y

stru
ctu

re,
w

h
ile

each
p

ro
cesso

r
h

as
a

lo
catio

n
rew

ard
eq

u
al

to
th

e
cu

rren
t

rate
o

f
en

erg
y

u
sag

e
(as

sh
ow

n
in

F
ig

u
re

7
(a))

an
d

h
as

zero
actio

n
rew

ard
s.

W
e

bu
ilt

a
P

T
A

m
o

d
el

fo
r

th
is

case
stu

d
y

u
sin

g
P

R
IS

M
an

d
,

b
y

ap
p

ly
in

g
th

e
d

ig
-

ital
clo

ck
s

m
eth

o
d

,
calcu

lated
b

o
th

th
e

m
in

im
u

m
(ex

p
ected

)
tim

e
an

d
en

erg
y

co
n

su
m

p
-

tio
n

fo
r

co
m

p
letio

n
o

f
all

task
s.

F
o

r
th

is,
w

e
u

sed
th

e
tw

o
q

u
an

titative
rew

ard
p

ro
p

erties
R
t
i
m
e

m
i
n=

? [F
co
m
p
lete]

an
d
R
e
n
e
r
g
y

m
i
n =

?
[F

co
m
p
lete].

W
e

also
u

sed
P

R
IS

M
to

g
en

erate
th

e
co

rre-
sp

o
n

d
in

g
sch

ed
u

lers
th

at
ach

ieve
th

ese
o

p
tim

al
valu

es.T
h

e
resu

lts
ag

ree
w

ith
th

o
se

rep
o

rted
in

[2
7

].
A

sch
ed

u
ler

th
at

m
in

im
ises

th
e

elap
sed

tim
e

req
u

ires
1

2
p

ico
seco

n
d

s
to

co
m

p
lete

all
task

s
an

d
sch

ed
u

les
th

e
task

s
as

fo
llow

s:

tim
e

1
2

3
4

5
6

7
8

9
1

0
1

1
1

2
1

3
1

4
1

5
1

6
1

7
1
8

1
9

2
0

P
1

task
1

task
3

task
5

task
4

task
6

P
2

task
2

O
n

th
e

o
th

er
h

an
d

,
a

sch
ed

u
ler

o
p

tim
isin

g
th

e
en

erg
y

co
n

su
m

p
tio

n
req

u
ires

1
.3

2
0

0
n

an
o

-
jo

u
les

(an
d

1
9

p
ico

seco
n

d
s)

an
d

m
akes

th
e

fo
llow

in
g

sch
ed

u
lin

g
d

ecisio
n

s:

tim
e

1
2

3
4

5
6

7
8

9
1

0
1

1
1

2
1

3
1

4
1

5
1

6
1

7
1
8

1
9

2
0

P
1

task
1

task
3

task
4

P
2

task
2

task
5

task
6

D
u

e
to

th
e

ad
d

itio
n

al
en

erg
y

co
n

su
m

p
tio

n
o

f
p

ro
cesso

r
P

1 ,
th

e
fi

rst
sch

ed
u

ler
ab

ove,
w

h
ich

o
p

tim
ises

th
e

tim
e

fo
r

task
co

m
p

letio
n

,
req

u
ires

1
.3

9
0

0
n

an
o

jo
u

les.

R
a

n
d

o
m

T
a

sk
E

x
ecu

tio
n

T
im

es.N
ow

,w
e

ex
ten

d
th

e
fo

rm
alisatio

n
o

f
th

e
task

-g
rap

h
p

ro
b

-
lem

,
m

ak
in

g
th

e
tim

e
req

u
ired

fo
r

each
p

ro
cesso

r
to

p
erfo

rm
a

task
p

ro
b

ab
ilistic

(in
a

m
o

re
g

en
eral

settin
g

,w
e

can
easily

env
isag

e
situ

atio
n

s
w

h
ere

th
e

ex
act

tim
e

req
u

ired
to

co
m

p
lete

a
task

is
u

n
k

n
ow

n
,bu

t
can

b
e

rep
resen

ted
b

y
so

m
e

p
ro

b
ab

ility
d

istribu
tio

n
).M

o
re

p
recisely,

w
e

co
n

sid
er

th
e

fo
llow

in
g

sim
p

le
scen

ario
.
If,in

th
e

o
rig

in
al

p
ro

b
lem

th
e

tim
e

fo
r

a
p

ro
ces-

so
r

to
p

erfo
rm

a
task

w
as

k
∈
N

,w
e

su
p

p
o

se
n

ow
th

at
th

e
tim

e
taken

is
u

n
ifo

rm
ly

d
istribu

ted
b

etw
een

th
e

d
elay

s
k−

1
,k

an
d

k+
1

,e.g
.th

e
tim

e
fo

r
P

1
to

p
erfo

rm
a

m
u

ltip
licatio

n
o

p
eratio

n
is

eith
er

1
,

2
o

r
3

an
d

th
e

p
ro

b
ab

ility
o

f
each

execu
tio

n
tim

e
is

13 .
T

h
e

P
T

A
fo

r
p

ro
cesso

r
P

1
w

ith
ran

d
o

m
d

elay
s

is
p

resen
ted

in
F

ig
u

re
8

(c)
w

h
ere,

to
ease

n
o

tatio
n

,w
e

h
ave

o
m

itted
actio

n
lab

els
if

th
ey

d
o

n
o

t
sy

n
ch

ro
n

ise.A
d

d
itio

n
al

lo
catio

n
s

Locations also labelled
w

ith costs/rew
ards

for tim
e/energy usage
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Exam
ple: Task-graph scheduling

•
Property specification:
−

R
m

in=
? [ F com

plete ]–
m

inim
ise (expected) tim

e
−

R
m

in=
? [ F com

plete ]–
m

inim
ise (expected) energy usage

•
M

odel check w
ith PRISM

 (digital clocks)
−

and extract optim
al strategy/scheduler

•
Tim

e optim
al (12 picoseconds)

•
Energy optim

al (1.32 nanojoules)

•
No probabilities yet…

2
1

t=cesrf 
t=cesrf 

yb
_ 

t=co
xmu 

t=cdee 

yb
P 

yab
4 

yab
4 

de
e
 

y
P 

 
t
r
u
e
 

o
xmu 

y
_ 

(a)
P

ro
cesso

r
P

1

ad
d
 

x
2 

p1_m
ult 

p1_add 
x:=
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x:=

0 

p 

1-p x:=
0 

x:=
0 
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3 

p1_fail 
x=

0 

stb
y 

t
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e
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3 

m
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_fail 
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x:=
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2
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a_fail 
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0 

x=
0 

p1_done 

(b
)

F
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versio

n
o

f
p

ro
cesso
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P

1

ad
d

1
 

x
1 

p1_m
ult 

p1_add 
x:=
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stb
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t
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2 
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1
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2
 

x
2
 

a_suc 
x=
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p1_done 

x=
0 

ad
d

3
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3
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3 
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0 
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3 
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m
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0 
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P

ro
cesso

r
P

1
w

ith
ran
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ro
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P

R
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p
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Results (w
ith faulty processor)

•
Com

pute optim
al (tim

e/energy) schedulers
−

(using sam
e properties as before)

•
Results (for varying failure rates p

of processor P
3 ):

−
dotted red line show

s original results (no failures)
−

conclusion: better perform
ance for low

 values of failure 
probability p; no benefit for higher values
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Schedulers (w
ith faulty processor)

•
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ple (for p=
0.5)
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M
ulti-objective properties

•
M

ulti-objective controller synthesis
−

(on M
D

P generated via digital clocks approach)
−

explore trade-off betw
een tim

e/energy usage

•
Properties
−

e.g. m
inim

ise expected tim
e,

subject to bound on energy
−

or: Pareto curve for tw
o

objectives: tim
e/energy

−
NB: both m

ay generate
random

ised schedulers
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O
verview

•
Probabilistic m

odel checking
−

key idea: pros and cons
−

tool support: PRISM
−

M
arkov decision processes +

 strategy synthesis
−

real-tim
e system

s (probabilistic tim
ed autom

ata)
−

exam
ple: task graph scheduling under uncertainty

−
m

ore com
plex property specifications

−
exam

ple: robot navigation planning

•
Recent/new

 directions for PRISM
−

m
ulti-objective m

odel checking
−

stochastic gam
es

−
partial observability

−
perm

issive strategy synthesis
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Exam
ple: Robot navigation planning

•
Exam

ple M
D

P
−

robot m
oving through terrain divided in to 3 x 2 grid

s
0

s
4

s
3

0.5

east
s

1

south0.8

0.1

{goal1 }

s
2

s
5

{hazard}

0.1

{goal2 }

{goal2 }

south0.5

0.6
0.4

stuck

east

stuck

0.4

0.6
w

est

w
est

east
0.1

0.9
north
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Exam
ple -

Reachability

s
0

s
4

s
3

0.5

east
s

1

south0.8

0.1

{goal1 }

s
2

s
5

{hazard}

0.1

{goal2 }

{goal2 }

south0.5

0.6
0.4

stuck

east

stuck

0.4

0.6
w

est

w
est

east
0.1

0.9
north

Verify: P
≤

0.6
[ F goal1

]
or

Synthesise for: P
≥

0.4
[ F goal1

]
⇓

Com
pute: P

m
ax=

? [ F goal1
]    

O
ptim

al strategies:
m

em
oryless and determ

inistic

Com
putation:

graph analysis +
 num

erical soln.
(linear program

m
ing, value

iteration, policy iteration)
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Exam
ple -

Reachability

s
0

s
4

s
3

0.5

east
s

1

south0.8

0.1

{goal1 }

s
2

s
5
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0.1
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south0.5

0.6
0.4

stuck

east

stuck

0.4

0.6
w

est

w
est

east
0.1

0.9
north

O
ptim

al strategy:
s

0
: east

s
1

: south
s

2
: -

s
3

: -
s

4
: east

s
5

: -

=
0.5

Verify: P
≤

0.6
[ F goal1

]
or

Synthesise for: P
≥

0.4
[ F goal1

]
⇓

Com
pute: P

m
ax=

? [ F goal1
]    

O
ptim

al strategies:
m

em
oryless and determ

inistic

Com
putation:

graph analysis +
 num

erical soln.
(linear program

m
ing, value

iteration, policy iteration)
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Property specifications

•
Linear tem

poral logic (LTL)-
m

ultiple tem
poral operators

−
e.g. P

m
ax=

? [ (G¬
hazard) ∧

 (GF goal1 ) ] –
"m

axim
um

 probability 
of avoiding hazard

and visiting goal1
infinitely often?"

−
e.g. P

m
ax=

? [ ¬
zone

3
U (zone

1 ∧
 F zone

4 ) ] –
"m

ax. probability 
of patrolling zones 1 then 4, w

ithout passing through 3”

•
Costs

and rew
ards

(expected, accum
ulated values)

−
e.g. R

m
ax=

? [ F end ] -
"w

hat is the w
orst-case (m

axim
um

) 
expected tim

e for the protocol to com
plete?"

−
e.g. R

m
in=

? [ F goal2
] -

"w
hat is the optim

al (m
inim

um
) 

expected num
ber of m

oves needed to reach goal2 ?"

•
Expected cost/rew

ard
to satisfy (co-safe) LTL

form
ula

−
e.g. R

m
in=

? [ ¬
zone

3
U (zone

1 ∧
 F zone

4 ) ] –
"m

inim
ise exp. 

tim
e to patrol zones 1 then 4, w

ithout passing through 3"
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O
verview

•
Probabilistic m

odel checking
−

key idea: pros and cons
−

tool support: PRISM
−

M
arkov decision processes +

 strategy synthesis
−

real-tim
e system

s (probabilistic tim
ed autom

ata)
−

exam
ple: task graph scheduling under uncertainty

−
m

ore com
plex property specifications

−
exam

ple: robot navigation planning

•
Recent/new

 directions for PRISM
−

m
ulti-objective m

odel checking
−

stochastic gam
es

−
partial observability

−
perm

issive strategy synthesis
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M
ulti-objective m

odel checking

•
M

ulti-objective
probabilistic m

odel checking
−

investigate trade-offs betw
een conflicting objectives

−
in PRISM

, objectives are probabilistic LTL or expected rew
ards

•
Achievability

queries: m
ulti(P

>
0.95 [ F send

], R
tim

e>
10 [ C ])

−
e.g. “is there a strategy such that the probability of m

essage 
transm

ission is >
 0.95 and expected battery life >

 10 hrs?”

•
Num

ericalqueries: m
ulti(P

m
ax=

? [ F send
], R

tim
e>

10 [ C ])
−

e.g. “m
axim

um
 probability of m

essage transm
ission, 

assum
ing expected battery life-tim

e is >
 10 hrs?”

•
Pareto

queries:
−

m
ulti(P

m
ax=

? [ F send
], R

tim
em

ax=
? [ C ])

−
e.g. "Pareto curve for m

axim
ising

probability of transm
ission and

expected battery life-tim
e”

obj1

obj2



29

M
ulti-objective m

odel checking

•
M

ulti-objective probabilistic m
odel checking

−
investigate trade-offs betw

een conflicting objectives
−

in PRISM
, objectives are probabilistic LTL or expected rew

ards

•
Achievability

queries: m
ulti(P

>
0.95 [ F send

], R
tim

e>
10 [ C ])

−
e.g. “is there a strategy such that the probability of m

essage 
transm

ission is >
 0.95 and expected battery life >

 10 hrs?”

•
Num

ericalqueries: m
ulti(P

m
ax=

? [ F send
], R

tim
e>

10 [ C ])
−

e.g. “m
axim

um
 probability of m

essage transm
ission, 

assum
ing expected battery life-tim

e is >
 10 hrs?”

•
Pareto

queries:
−

m
ulti(P

m
ax=

? [ F send
], R

tim
em

ax=
? [ C ])

−
e.g. "Pareto curve for m

axim
ising

probability of transm
ission and

expected battery life-tim
e”

obj1

obj2
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Exam
ple –

M
ulti-objective

s
0

s
4

s
3

0.5

east
s

1

south0.8

0.1

{goal1 }

s
2

s
5

{hazard}

0.1

{goal2 }

{goal2 }

south0.5

0.6
0.4

stuck

east

stuck

0.4

0.6
w

est

w
est

east
0.1

0.9
north

•
Achievability query
−

P
≥

0.7
[ G ¬

hazard
] ∧

 P
≥

0.2
[ GF goal1

] ?
•

Num
erical query

−
P

m
ax=

? [ GF goal1
] such that P

≥
0.7

[ G ¬
hazard

] ? 
•

Pareto query
−

for P
m

ax=
? [ G ¬

hazard
] ∧

 P
m

ax=
? [ GF goal1

] ?

0.8
0.6

0.4
1

0.2
0 

0 

0.2

0.4
0.5

0.3

0.1
ψ

1

ψ
2

ψ
1

=
 G ¬

hazard
ψ

2
=

 GF goal1

True (achievable)

~0.2278
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Exam
ple –

M
ulti-objective

s
0

s
4

s
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0.5

east
s

1
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south0.5
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Strategy 1
(determ

inistic)
s

0
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s
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: south
s
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Exam
ple –

M
ulti-objective

Strategy 2
(determ

inistic)
s

0
: south

s
1

: south
s

2
: -

s
3

: -
s

4
: east

s
5

: w
est

0.8
0.6

0.4
1

0.2
0 

0 

0.2

0.4
0.5

0.3

0.1
ψ

1

ψ
2

ψ
1

=
 G ¬

hazard
ψ

2
=

 GF goal1

s
0

s
4

s
3

0.5

east
s

1

south0.8

0.1

{goal1 }

s
2

s
5

{hazard}

0.1

{goal2 }

{goal2 }

south0.5

0.6
0.4

stuck

east

stuck

0.4

0.6
w

est

w
est

east
0.1

0.9
north



33

Exam
ple –

M
ulti-objective

O
ptim

al strategy:
(random
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s
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Controller synthesis -
Applications

•
Exam

ples of PRISM
-based controller synthesis

Synthesis of team
form

ation strategies
[CKPS11, FKP12]

Pareto curve:
x=

"probability of
com

pleting task 1"; 
y=

"probability of
com

pleting task 2"; 
z=

"expected size of 
successful team

"

Synthesis of dynam
ic

pow
er m

anagem
ent

controllers [FKN
+

11]

M
otion planning

for a service robot
using LTL [LPH14b]

M
inim

ise energy
consum

ption, subject
to constraints on:
(i)expected job queue size;
(ii)expected num

ber of lost jobs
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O
verview

•
Probabilistic m

odel checking
−

key idea: pros and cons
−

tool support: PRISM
−

M
arkov decision processes +

 strategy synthesis
−

real-tim
e system

s (probabilistic tim
ed autom

ata)
−

exam
ple: task graph scheduling under uncertainty

−
m

ore com
plex property specifications

−
exam

ple: robot navigation planning

•
Recent/new

 directions for PRISM
−

m
ulti-objective m

odel checking
−

stochastic gam
es

−
partial observability

−
perm

issive strategy synthesis
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Stochastic m
ulti-player gam

es (SM
Gs)

•
Stochastic m

ulti-player gam
es

−
players control states; choose actions

−
m

odels com
petitive/collaborative

behaviour
−

applications: security (system
 vs. attacker),

controller synthesis (controller vs. environm
ent),

distributed algorithm
s/protocols, …

•
Property specifications: rPATL
−
⟨⟨{1,2}⟩⟩P

≥
0.95 [ F

≤
45 done

] : "can nodes 1,2 collaborate so that 
the probability of the protocol term

inating w
ithin 45 seconds 

is at least 0.95, w
hatever nodes 3,4 do?"

−
form

ally: ⟨⟨C⟩⟩ψ
 : do there exist strategies

for players in C
such that, for all strategies

of other players, property ψ
holds?

•
M

odel checking
[TACAS'12,FM

SD
'13]

−
zero sum

 properties: analysis reduces to 2-player gam
es

−
PRISM

-gam
es: w

w
w

.prism
m

odelchecker.org/gam
es

b a
¼¼¼

½

¼
1

1
½

1
ab

1
a b
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Exam
ple –

Stochastic gam
es

•
Tw

o players: 1 (robot controller), 2 (environm
ent)

−
probability of s

1 -south→
s

4
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Exam
ple –

Stochastic gam
es

•
Tw

o players: 1 (robot controller), 2 (environm
ent)

−
probability of s

1 -south→
s

4
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Exam
ple –

Stochastic gam
es

•
Tw

o players: 1 (robot controller), 2 (environm
ent)
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O
verview

•
Probabilistic m

odel checking
−

key idea: pros and cons
−

tool support: PRISM
−

M
arkov decision processes +

 strategy synthesis
−

real-tim
e system

s (probabilistic tim
ed autom

ata)
−

exam
ple: task graph scheduling under uncertainty

−
m

ore com
plex property specifications

−
exam

ple: robot navigation planning

•
Recent/new

 directions for PRISM
−

m
ulti-objective m

odel checking
−

stochastic gam
es

−
partial observability

−
perm

issive strategy synthesis
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Partial observability

•
Partial observable

M
arkov decision processes (PO

M
D

Ps)
−

lim
it strategies ability to view

 precise states of the M
D

P
•

M
otivation
−

e.g. because robot can only m
ake decisions based on sensors

−
e.g. because scheduler cannot probe state of a channel

•
O

ptim
al strategies

−
resolve actions based on observations; m

aintain belief state 
about the true state of the M

D
P

•
Im

plem
ented in prototype extension of PRISM

−
PRISM

 m
odel variables declared as observable/hidden

−
com

putes low
er/upper bounds for optim

al values and a
(possibly sub-optim

al) strategy w
ith grid-based approxim

ations
−

real-tim
e extension: partially observable PTAs [FO

RM
ATS’15]

−
m

ore details (for PO
M

D
Ps and PO

PTAs), plus tool support and 
case studies, in [RTS’17]
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PO
M

D
P/PO

PTA Case studies

•
Task graph scheduling
−

processors have different speeds and energy consum
ption

−
scheduler cannot observe if a process is sleeping or idling

−
synthesize optim

al schedulers
•

again, m
inim

ising expected
execution tim

e or energy usage

•
W

ireless netw
ork scheduling 

−
schedule traffic to num

ber of users/channels
−

packets have hard deadlines (packets not sent by their 
deadline are dropped) and priorities

−
status of channels is not available (unobservable)

−
generate optim

al scheduling of packets, m
axim

ising priorities 
and m

inim
ising dropped packets

−
dem

onstrates that idling is som
etim

es the optim
al choice

+ task
1

� task
3

� task
5

�task
2

+task
4

+task
6

D C B A

C
D
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O
verview

•
Probabilistic m

odel checking
−

key idea: pros and cons
−

tool support: PRISM
−

M
arkov decision processes +

 strategy synthesis
−

real-tim
e system

s (probabilistic tim
ed autom

ata)
−

exam
ple: task graph scheduling under uncertainty

−
m

ore com
plex property specifications

−
exam

ple: robot navigation planning

•
Recent/new

 directions for PRISM
−

m
ulti-objective m

odel checking
−

stochastic gam
es

−
partial observability

−
perm

issive strategy synthesis
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Perm
issive controller synthesis

•
M

ulti-strategy
synthesis  [TACAS'14]

−
for M

arkov decision processes and stochastic gam
es

−
choose sets of actions to take in each state

−
controller is free to choose any action at runtim

e
−

flexible/robust(e.g. actions becom
e unavailable or goals change)

•
Exam

ple

M
ulti-strategy:

s
0

: east orsouth
s

1
: south

s
2

: -
s

3
: -

s
4

: east
s
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: w
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s
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s
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w
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0.9
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Perm
issive controller synthesis

•
M

ulti-strategies and tem
poral logic

−
m

ulti-strategy Θ
 satisfies a property P

>
p [ F goal ]iff

any strategy σ
that adheres to Θ

 satisfies P
>

p [ F goal ]

•
W

e quantify the perm
issivity of m

ulti-strategies
−

by assigning penalties to each action in each state
−

a m
ulti-strategy is penalised for every action it blocks

−
static and dynam

ic (expected) penalty schem
es

•
Perm

issive controller synthesis
−
∃ a m

ulti-strategy satisfying P
≤

0.6
[ F goal1

] w
ith penalty <

 c?
−

w
hat is the m

ulti-strategy w
ith optim

um
 perm

issivity?
−

reduction to m
ixed-integer LP problem

s
−

applications: energy m
anagem

ent, cloud scheduling, …
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Conclusion

•
Probabilistic m

odel checking
−

verification vs. strategy synthesis
−

M
arkov decision processes, probabilistic tim

ed autom
ata, …

−
applicable to scheduling problem

s under uncertainty

•
Recent extensions
−

m
ulti-objective m

odel checking
−

stochastic gam
es

−
partial observability, perm

issive strategy synthesis

−
Challenges & directions
−

controller synthesis m
ethods, e.g. M

CTS, UCT, RD
TP

−
partial inform

ation/observability: greater efficiency
−

scalability, e.g. sym
bolic m

ethods, abstraction
−

stochastic gam
es: m

ulti-objective, equilibria, richer logics



M
ore info here:

w
w

w
.prism

m
odelchecker.org

Thanks for your attention


